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Trading Venues

Definition (Financial Markets)

Financial Markets are venues for buying and selling securities.

Traditional exchanges have centralized limit order books
(CLOBs).

Equities (NYSE, NASDAQ), options (Cboe), futures (CME),
and most centralized crypto markets.

Differ in tick sizes, lot sizes, queuing rules, and participant
composition.



Limit Orders

Definition (Limit Order)

A limit order is an order to buy or sell a stock with a restriction on
the maximum price to be paid or the minimum price to be received.

The best bid is the highest buy limit available.

The best ask/offer is the lowest market sell limit available.

Passive order; sits in the LOB. Larger and more limit orders
means more liquidity.



Limit Orders



Market Orders

Definition (Market Order)

A market order is an order to buy or sell a stock at the market’s
best available price.

Market buy orders meet best ask/offer.

Market sell orders meet best bid.

Active orders placed during market hours.



Limit Order Book

Definition (Limit Order Book)

A limit order book is a real-time record of all limit buy and sell
orders in a market, organized by price levels.

Any new limit order is placed into a limit order queue
corresponding to its price.

The queue is generally price-time priority (FIFO).

Another important order type is ’Cancel’ - limit orders may be
canceled.



Limit Order Book Dynamics [1]



Bittrex ETH/BTC order book [2]

x-axis is the unit price of Ethereum in terms of Bitcoin.

y-axis is cumulative order depth in Bitcoin.



Trader Screen [3]

Figure: Options market-maker trading screen.
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Modeling Challenges

LOB data is very difficult to model and simulate accurately
and efficiently.

Decades of empirical study has enabled researchers to identify
statistical properties of LOBs.

Empirical
Data

Model
priors and parameters

Simulation
synthetic data

Testing



Applications

Real market data has n = 1 (statistical issues).

Synthetic data is used to train reinforcement learning (RL)
agents for many purposes.

Market making, statistical arbitrage, optimal execution,
out-of-sample testing.

Conduct stress-tests for portfolio or trading strategies.



Market Impact

We don’t want a simple replay of the history.

Response to exogenous trades by autonomous agents.

This reaction ability is called market impact awareness.

Example: learning optimal execution policy.



Stylized Facts

Let bt , at denote the best bid and best ask prices respectively. The
mid-price is defined as mt =

bt−at
2 , and the (log) return is defined

by rt,∆t = log (mt+∆t)− log (mt).

The following are stylized facts about asset return distributions.

Linear autocorrelations corr(rt+τ,∆t , rt,∆t) for a period τ are
insignificant for τ > 15 minutes.

Volatility clustering as measured by corr(r2t+τ,∆t , r
2
t,∆t). This

remains positive over several days.

Long-range dependence decays by a power law:
f (τ) = corr(|rt+τ,∆t |, |rt,∆t |) ∼ τ−β with exponent
β ∈ [0.2, 0.4].



Stylized Facts (Cont.)

High volatility over micro or macro time scales.

Gain/Loss asymmetry as measured by skewness. Stocks lose
value faster than they grow.

Heavy tails as measured by kurtosis, which become slimmer
with longer periods.

Volume/Volatility have positive correlation.

Returns/Volatility have negative correlation.



Stylized Facts (Cont.)

We can also find similar results for volumes and order flows.

Quantities of interest are quote volumes, quote sizes,
number of quotes in a fixed time window, inter-arrival times,
new quote prices, order lifetimes (e.g. cancellation times) etc.

Parametric distributions used to fit are usually power-law,
exponential, gamma, lognormal, and Weibull distributions etc.

Finally, we also consider non-stationary patterns.

Intraday volume/spread negative correlation.

Intraday sensitivity to macro economic events/holidays.

Intraday and seasonal volume patterns.

Important anomalies: cross-asset correlation.



Research

Earliest work is from 1999-2002 e.g.

Bouchaud, J.-P., Mézard, M., & Potters, M. (2002). Statistical
properties of stock order books: empirical results and models.
Quantitative Finance [4]

Cont, R. (2001). Empirical properties of asset returns: stylized facts
and statistical issues. Quantitative Finance [5].

Currently an active area of research. A recent survey is

Vyetrenko, S., Byrd, D., Petosa, N., Mahfouz, M., Dervovic, D.,
Veloso, M., & Balch, T. (2021). Get real: Realism metrics for
robust limit order book market simulations. In Proceedings of the
First ACM International Conference on AI in Finance (ICAIF
’20) [6].
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Modeling the LOB

We distinguish three categories of orders:

Limit orders: buy (resp. sell) orders placed at prices less than
or equal to the best ask (resp. greater than or equal to the
best bid).

Market orders: orders that immediately execute against the
best available prices in the order book.

Cancel orders: cancellations of outstanding limit orders
without execution.



Order Book State

Definition (Limit Order Book State)

The state of the limit order book at time t is defined as

S t :=
(
Bt ,At , vb,t(x), va,t(x)

)
,

where:

Bt and At denote the best bid and best ask prices,

vb,t(x) (resp. va,t(x)) denotes the bid-side (resp. ask-side)
volume at price level x ,

x represents the distance in price units from the mid-price Pt ,
with

x ∈ n∗Z, vb,t(x), va,t(x) ≥ 0,

where n∗ denotes the minimum tick size.



Order Book Dynamics

The evolution of the order book is driven by 8 types of events:

Market orders (buy/sell),

In-spread limit orders (bid/ask),

Cancel orders (bid/ask),

Limit orders outside the spread (bid/ask).

The event-level dynamics are given by

S t+1 = S t +Dt(S t),

where Dt(·) is a random operator which depends on the dynamics
that each 8 kinds of events. The Order Book state is partially
observable and is often modeled as a Markovian system.



Point Processes

Assume that the LOB is a queue system with different orders
arriving independently.

Let Nt,t+∆t denote the number of events occurring in the time
interval (t, t +∆t]. Let (Ω,F ,P) be a complete probability space
and {Ft}t≥0 the natural filtration.

The conditional intensity of the point process is defined as

λt := lim
∆t→0

P(Nt,t+∆t > 0 | Ft)

∆t
,

P
(
Nt,t+∆t > 0 | Ft

)
= λt ∆t + o(∆t).



Poisson Point Process

Definition (Poisson Process)

A point process {Nt,t+∆t} is called a Poisson process with rate
λ > 0 if it satisfies the following properties:

1 For any interval (t, t +∆t],

Nt,t+∆t ∼ Poisson(λ ·∆t).

2 For any two non-overlapping intervals (t, t +∆t] and
(s, s +∆s], the random variables

Nt,t+∆t and Ns,s+∆s

are independent.



Zero-Intelligence (ZI) Models

The zero-intelligence models describe the market without
informed, heterogeneous decision making agents, e.g. the
Poisson process with constant intensity.

Reveal the order matching dynamics of the LOB.

Relax conditions; stationarity, multi-dimensional, dependence
on variables e.g. queue size, or distance from mid-price etc.

Analytically tractable, and well-developed theory.



A Poisson Process Model

Figure: Model in Limit Order Books, Abergel (2016) [7]



Poisson Process Example

For the ask and bid sides of the book, define the cumulative
volumes

Ai :=
i∑

k=1

ak , Bi :=
i∑

k=1

|bk |,

For a given quantity of shares q′, define

A−1(q′) := inf{ p : Ap > q′ }, B−1(q′) := inf{ p : Bp > q′ }.

The index of the first non-empty limit on both sides of the
book is denoted by iS and is given by

iS := A−1(0) = B−1(0) =
S

∆P
,

where S is the bid–ask spread and ∆P is the tick size.

Boundary conditions (liquidity reservoirs) ensure that iS < ∞.



Order Arrivals and Notation

The arrival of events are modeled by independent Poisson
processes:

M±(t): market orders (buy/sell) with constant intensities
λM±

;

L±i (t): limit orders at level i with constant intensities λL±
i ;

C±
i (t): cancellations at level i , with stochastic intensities

λC±
i |ai |, proportional to queue size.

where

Superscript “+” (resp. “−”) denotes ask (resp. bid) side;

All orders have fixed size q;

Cancellation intensity is zero whenever the corresponding
queue is empty.



Stochastic Differential Equations (SDEs)

Let ai (t) denote the number of shares available i ticks above the
best bid on the ask side. The evolution of ai (t) is given by the
stochastic differential equation

dai (t) = −1{ai (t)̸=0}(q − Ai−1)+ dM+(t) + q dL+i (t)− q dC+
i (t)

+ (JM
−
(a)− a)i dM

−(t) +
K∑
j=1

(JL
−

j (a)− a)i dL
−
j (t)

+
K∑
j=1

(JC
−

j (a)− a)i dC
−
j (t).

We can write a similar equation for dbi (t)



SDEs (Cont.)

We can then write down the infinitesimal generator associated
with this 2K -dimensional continuous-time Markov chain.

Then, determine the SDEs for the price and spread dynamics.

It can be shown that that, under strong intensity of
cancellations, the Limit Order Book is an ergodic Markov
process, with exponential rate of convergence to a unique
stationary distribution.

Furthermore, there is a large scale limit of the process which
can be expressed in terms of Brownian motion.

Also an active area of research [8].



Hawkes Process

We can relax the assumption of independence and introduce
cross and self excitation terms.

for e.g., a 2-D Hawkes Process of (ask volume, bid volume)
can have 4 excitation terms:
ask → ask, bid → bid , ask → bid , bid → ask.

In general, for a d-dimensional Hawkes process, the intensity

of the process λ
(i)
t and the associated counting process N

(i)
t

for i = 1, . . . , d is defined as

λ
(i)
t = µ

(i)
t +

d∑
j=1

∫ t

0
ϕ(j→i)(t − s) dN

(j)
s .



Agent-based Models (ABMs)

Markets consist of autonomous agents; market heterogeneity.

Cont, Cucuringu, Glukhov, et al. (2023) [9] used clustering
techniques to show that there are at least 4 different clusters
of traders.

High frequency traders, trend followers, mean reverters, noise
traders and algorithmic traders.

Mixed models and game-theoretic models.



ABM Example 1 (Herding) [7]

Assume N traders, with demand ϕi (t) = ±1 and probability
a ∈ (0, 1) of acting.

The price is assumed to have the form:

p(t + 1) = p(t) +
1

λ

N∑
i=1

ϕi (t)

where λ is the market depth.

We can begin clustering and linking traders:

∆p(t) =
1

λ

nc (t)∑
i=1

Wkϕk

where nc(t) is the number of clusters and Wk is the size of
cluster k.



ABM Example 2

Figure: Agent-based model in Vyetrenko (2020) [6]



Deep Learning Models

Complexities and non-nonlinearities in the time evolution and
distributions.

Use neural networks to predict mid-price, the volatility and the
direction etc [8].

Popular architectures being used are Convolutional Neural
Networks (CNNs), Long Short-Term Memory networks
(LSTMs), Recurrent Neural Networks (RNNs), and Generative
Adversarial Networks (GANs) [10].



Large Language Models

Nagy, B. et al. (2023). Generative AI for End-to-End Limit Order
Book Modelling: A Token-Level Autoregressive Generative Model of
Message Flow Using a Deep State Space Network. In Proceedings
of the Fourth ACM International Conference on AI in Finance
(ICAIF ’23) [11].

Treat order flow like natural language.

Generate entire message streams.

Reconstruct full LOB trajectories via a simulator [12].



LLMs (Cont.)

Used NASDAQ LOBSTER data.

Architecture: deep state space model composed of simplified
structured state space layers (S5).

ẋ(t) = Ax(t) + B u(t),

y(t) = C x(t) + D u(t),

A state-space model represents a sequence by evolving a
latent memory state that continuously integrates past inputs
and produces predictions through a learned dynamical system.

Autoregressive: (conditional) probability distribution over
entire sequences of tokens.

Use perplexity (PPL) to evaluate the probability the model
assigns to the test data



LLMs (Cont.)

P separate volume features around the mid-price, and one
feature for changes in mid-price.

Book data (state) is a feature.

Tokens for: Event-type, Price (sign, distance), Size, Inter
arrival time, Referential ≈ 12000 total vocabulary size.

The problem becomes

min
θ

1

N

∑
{m,b,y}

− log ŷ{i=y}, with ŷ = fθ(m, b).

where m, b are the message and book sequences

Match statistical properties well, low perplexity score, and
high-correlation with mid-price series.



Tokenization

Figure: Encoding example in Nagy et al.
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Conclusions

Limit Order Book simulation is an active area of research,
both theoretically and practical.

High-fidelity and efficient simulation has vast applications in
finance, in particular trading.
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