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Executive Summary

In this program, we implement and test various iterative methods for solving matrix systems of the form

Ax = b.

These methods avoid an explicit computation of the inverse or a factorization of A to solve the system. Thus, we
approach our solution in an iterative fashion. This is useful in situations where for example the aforementioned
computations are inefficient or costly, or sometimes impossible (each when we only observe the action of A,
and not the matrix itself). Some of these iterative methods are stationary methods, in the sense that the
pre-conditioner is chosen at the beginning of the algorithm and stays identical. Non-stationary methods on
the other hand choose a pre-conditioner actively. We implement and test the code on Python. For testing, we
thoroughly probe theoretical results concerning each method’s reliability and efficiency. For reliability, we test
the algorithms on problems where we know theoretical solutions (i.e. convergence) is guaranteed, and also on
problems where such results may or may not hold. We control this by perturbing essential properties of our
system. For certain algorithms, we reduce our testing to simpler situations which give complete information
about our algorithms, and also construct systems ourselves for more thorough testing. For efficiency, we test
our algorithms against theoretical guarantees of rates of convergence. Finally, we also implement and test more
concrete situations where these algorithms are applied. We present the implementation method, the relevant
mathematics, our testing methodology, and complete empirical results in this report.

Objectives

We will follow the task flow of the assignment, and conduct three tasks independently, though with much cross
reference for the code implementation. The mathematics of these tasks is described as necessary, since most of
this discussion is redundant in our implementation. We take the implementation of these methods from the class
notes, and test numerical and theoretical results. Furthermore, for each task, we first present representative
problems with the appropriate results and plots, and then we run a larger parameterized set of experiments an
present overall statistics from these experiments. The tasks are as follows, and the significance of each we will
explain in detail:

1. Behavior of Richardson’s Family, Steepest Descent, and Conjugate Gradient in Eigen-
Coordinate System: We reduce our testing to a simpler form, and implement the methods on Python.
We then demonstrate theoretical convergence results, and explain our observations. Finally, we test the
problem by varying the dimension of the system, the distribution of our entries, algorithm parameters,
and impose structure on the problem, and present and explain our findings with respect to theoretical
results.

2. Behavior of Stationary Methods: Jacobi, Gauss-Seidel, and Symmetric Gauss-Seidel: We use
dense system and associated primitives for these three stationary methods in the Richardson Family of
methods, each with it’s own preconditioner. We take 8 representative matrices for a particular type of
problem, and test our methods on each of these matrices and present our results.

3. Behavior of All Methods for Large Sparse Symmetric Positive Definite Matrix Problems We
modify the algorithms in Task 2 so they are optimized for Large Sparse SPD Matrix Systems, and run a
large parameterized set of experiments and present our results.

You may refer to each of the above descriptions as necessary. Henceforth, we abbreviate as follows: Richardson’s
Family (RF), Steepest Descent (SD), Conjugate Gradient (CD), Jacobi, Gauss-Seidel (GS), and Symmetric
Gauss-Seidel (Symmetric GS).

Note on Implementation

We implement the code on python using a Jupyter notebook. This allows us to use different code blocks for each
individual task, and also allows us to conduct each kind of test individually, for each task. We can also conduct



interactive testing and display each of these tests separately. The outputs and the tests are displayed after each
test/task and can be run independently. We use the NumPy library to construct and use data structures, and
various other libraries for error analysis, testing, and visualization (NumPy, SciPy, Pandas, and Matplotlib).
We will cite our usage of libraries wherever they have been used. Most relevant plots will be included in this
report. Certain parts of the experiments automatically save graphs, tables, and plots in the current directory,
and this functionality can be toggled with a Boolean variable. This should be kept in mind when running the
source files on your own machine!

Task 1

Preliminaries (Mathematical Background)

We implement three algorithms: the simplest stationary method, i.e. Richardson’s method without precondi-
tioning, and two non-stationary methods, Steepest Descent and Conjugate Gradient. We restrict ourselves to
symmetric positive definite systems for these tasks since this ensures convergence for each method, and in fact
the non-stationary methods require this restriction for derivation and error analysis. Richardson’s family of
methods work also for non-SPD systems and there is a vast literature regarding this usage, but this is beyond
the scope of this report. For these three methods, we can simply considerably to the eigen-basis using the
following definition and theorem:
Definition: A matrix B ∈ Cn×n is called diagonalizable if it has n linearly independent eigenvectors, xi,
1 ≤ i ≤ n, associated with eigenvalues λi, 1 ≤ i ≤ n. Then we can show that:

• Bxi = xiλi, 1 ≤ i ≤ n in matrix form

X =
[
x1 x2 . . . xn

]
, Λ = diag(λ1, λ2, . . . , λn)

BX = XΛ =⇒ B = XΛX−1 and X−1BX = Λ

• A symmetric matrix is diagonalizable with Q = X and QT = X−1.

For symmetric positive definite matrices, we additionally get that the matrix Λ of the eigenvalues of A is real
and positive, and the columns of the matrix Q are the n orthonormal eigenvectors of A. This then leads to the
following observation:

Ax = b

(QΛQT )x = b

Λx̃ = b̃

where x̃ = QTx and b̃ = QTx. Thus we simply get a change of basis of the system with the full-rank matrix QT .
Thus each such system with Λ = diag(λ1, λ2, . . . , λn) and λi > 0 is determined by the original SPD system.
We can then restrict our analysis to such systems. Note that simplifies our storage and computations consider-
ably since a matrix-vector product with a diagonal matrix is the Hadamard product, which is implemented as
element-wise multiplication of two vectors.

For error analysis, we will restate the following theorems:

Theorem
If A ∈ Rn×n is symmetric positive definite and b ∈ Rn is given, then the sequence {xk}, from the stationary
iterative method

xk+1 = xk + αoptrk, αopt =
2

λmin + λmax

satisfies

∥e(k+1)∥A ≤
κ− 1

κ+ 1
∥e(k)∥A

where e(k) = xk −A−1b and κ = λmax

λmin
.

Theorem
If A ∈ Rn×n is symmetric positive definite and b ∈ Rn is given, then the sequence {xk}, from Steepest Descent

xk+1 = xk + αkrk, αk =
rTk rk
rTk Ark

,
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satisfies

∥e(k+1)∥A ≤
κ− 1

κ+ 1
∥e(k)∥A

where e(k) = xk −A−1b and κ = λmax

λmin
.

Theorem 9.8
For CG, e(k) is bounded in terms of κ, the condition number of A, and the initial error e(0) by

∥e(k)∥A ≤ 2αk∥e(0)∥A

α =

√
κ− 1√
κ+ 1

.

Note that these results are asymptotic, especially in practice. Also note that for CG, the error damping bound
goes down with k, i.e. the number of steps taken in the algorithm.

Implementation

The workspace for the algorithm is 3n = O(n). This is because we start with a solution x∗ and a positive
diagonal matrix represented as a positive vector D and compute their (Hadamard/element-wise) product to
generate b for our system. We do this so we can compute actual errors for our analysis. Our algorithm only
requires D, b and an initial guess x0 as input, and x∗ is used only to compute error, and for an initial interactive
testing part where we set our convergence condition to be xk = x∗, i.e. the exact solution is the output, or
we can also require the exact error to be close enough for our answer to be correct up to some decimal places

(this avoids numerical bottlenecks). For our experimental convergence criterion, we use ∥rk∥
∥r0∥ < tol where tol is

a pre-set tolerance for the residual (the value of which we will probe during the testing and choose proactively)
and rk is the residual after k iterations.

Our algorithm returns the following outputs (see source code):

1. The number of iterations = num

2. The final x output = xk=num

3. An array of errors

4. An array of residuals

For our interactive tests, we present first the defining information about the problem in a particular experiment.
This includes, but is not limited to the following (see source code):

• The size of the system = n

• The spectrum of the matrix = spec(A)

• The spectral radius = ρ(A)

• The condition number = κ(A)

• The initial guess = x0

• The true solution of the system = x*(this is known apriori)

• The tolerance used = tol variable (as discussed above).

We set a maximum number of iterations for our convergence, and assign a convergence Boolean variable ac-
cording to if the number of iterations were less than the maximum iterations allowed i.e convergence=TRUE
if num < MAXITER for each algorithm. We compute the condition number κ as κ(A) = λmax/λmin, where
the eigenvalues are exactly the elements of our vector D. In the algorithm, to ensure convergence, we have a
step-size variable α in Richardson and Steepest descent. It can derived that there is a bound on α to ensure
convergence, and it also has an optimal value, αopt =

2
λmin+λmax

. This derivation is done in the lecture notes.
Thus, these variables are simple enough to compute.

To allow for a uniform comparison of the three algorithms, we use a uniform testing criteria, i.e the tolerance,
MAXITER, and problem variables etc. are kept the same for each algorithm. We also provide a randomizer for
each input variable for general experimentation. We then present a table of results for our algorithms, which
includes the following results:
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1. If convergence occurred (True/False)

2. Number of Iterations (num)

3. Initial Error (float)

4. Final Error (float)

5. Final Residual (float)

6. Total Work (Total Cost of the Algorithm)

In the tables presented in this report, we show all floating points in scientific format for brevity. The total
cost of each run is computed using formulas derived by hand and implemented as functions in Python. Each
algorithm has a one-time cost and an iterative cost associated to it. These can be calculated using Table 1 and
going over each algorithm in the Python file.

Computation Complexity
Vector Addition n

Hadamard Product n
Inner Product 2n− 1

Scalar Multiplication n

Table 1: Computation Cost (n = dimension/size)

Keep in mind each arithmetic operations adds 1 to the complexity. We ignore costs that are uniform across
our algorithms e.g. the cost of increasing the iteration counter variable by 1 for each iteration the loop, or
the cost of checking the convergence criterion (in general these may be costly and ill-conditioned operations
e.g. computation of the 2-norm of large vectors, followed by one division and one comparison). We can then
compute the one-time and iterative costs of each algorithm and use the following formula to compete the total
work of algorithm A:

Total WorkA = One-time Cost + numA×(Iterative Cost)

where numA is the total number of iterations for Algorithm A. The respective costs are reproduced in Table 2
below.

Algorithm One-time Cost Iterative Cost
RF 2n+ 2 5n
SD 3n 9n− 1
CG 4n− 1 11n

Table 2: Algorithm Costs

We then present plots for error and convergence analysis. This includes a gird of plots where each row is for a
particular algorithm and column 1 is plots of error against number of steps and column 2 is plots of residual
against number of steps. These provide a visual representation of convergence - the last error and residual can
be cross-referenced from the table of results to ensure convergence occurred. The shapes of these curves also
provide insight to the convergence rate of each algorithm and the actual efficiency can then be deduced from
the number of iterations in the table of results, as well as the total cost associated with the algorithm. The
notes and lectures (Sets 7, 8, 9, and 10; Study Question Sets 4 and 5; and written problems from Homework 3)
have discussed and derived the bounds on the behavior of the damping of the error and residuals. For RF and
SD each step must reduce the error norm by at the factor

κ− 1

κ+ 1

with SD’s single step reduction being no less and typically better than RF. CG’s one step damping factor is

√
κ− 1√
κ+ 1

.

For CG, the performance, in exact arithmetic, is also related to the number of distinct eigenvalues, e.g., the
identity matrix as a single eigenvalue, 1, with multiplicity n, as well as the eccentricity of the spectrum as
measured by κ. We also present the graphs for the damping factors of each run for each algorithm and also plot
the theoretical upper-bounds for each.
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Experimental Design

We conduct interactive experiments and discuss the results. We can also treat this subsection as sample
results presentation. We initially restrict ourselves to simple random problems. For our problem generation,
we compute a random integer-valued positive vector D and arbitrary integer valued vector x using NumPy
functionality, and then compute their product to generate b. We also compute a random initial guess vector.
We then manually set convergence control and run our algorithms. The code for the problem generation looks
as follows:

Figure 1: Random Problem Generator

The characteristics and results for this uniform random experiment look like:

Figure 2: Problem Characteristics

Figure 3: Results Table
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Figure 4: Error and Residual Convergence
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Figure 5: Damping Factors
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I chose this as a sample experiment as it shows general conclusions and trends that we will observe in the larger
parameterized set of experiments. This is a small and simple enough random system of integer values and a
small spectrum (as controlled by the size of the vector D). We can present another such ’typical’ experiment
where we avoid numerical pitfalls, and can easily observe theoretical predictions.

Under these conditions, each algorithm behaves as expected by theoretical predictions, and we can make the
following hypotheses (these are not presented as actual results at this point):

Hypotheses:

1. The algorithms converge super-linearly (or may even have quadratic convergence).

2. SD outperforms RF in number of iterations generally, but is worse than RF in terms of total work done
and accuracy.

3. RF and SD have comparable performance, while CG vastly outperforms both RD and SD, in terms of
both total cost, number of iterations and accuracy.

4. The error and residuals for each algorithm show similar (relative) behavior.

5. Theoretical bounds and results on damping ratios hold up to numerical pitfalls and finite-precision modal-
ities.

6. The dimension of the system, the sizes and ranges of values used for each problem variable, the spectrum
of the system, and the tolerance and maximum number of iterations allowed are all dependent variables
for performance of each algorithm.

1 through 5 can be tested for more confidence within this section, and will also be tested by proxy when we
conduct experiments for the last hypothesis. 6 will also be tested thoroughly for each variable, besides for the
last two convergence variables, since this result will follow immediately from testing done within this section
(it is also apparent from the design of any iterative algorithm). Let us now present results for different problems!

For a larger-valued random experiment (values ∈ [−100, 100]) of the same dimension, we get:

Figure 6: Problem Characteristics
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Figure 7: Results Table

Figure 8: Error and Residual Convergence
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Figure 9: Damping Factors
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Here we can see similar results for RF and SD, but CG is observed to diverge. Numerically, we can find malicious
systems where CG can diverge, and it is also sensitive to perturbation. In this case, Richardson was the best
algorithm in terms of accuracy as well as number of iterations and total work done, outperforming Steepest
Descent. This weakens hypothesis number 2 and in fact, we observe the converse result! Let us run another
such random experiment:

Figure 10: Problem Characteristics

Figure 11: Results Table
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Figure 12: Error and Residual Convergence
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Figure 13: Damping Factors
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We have similar observations as with the first larger-valued problem. We also make more observations: The
damping factors for RF and SD approach their theoretical bounds very quickly and then becomes constant. RF
also begins with much smaller damping than SD i.e. in the beginning SD has stronger damping of the error for
a brief period (about 7-8 iterations). SD also shows a curious ’saw-tooth’ behavior around the bound oscillating
above and below it by a small amount quite uniformly.

Furthermore, SD also shows a uncharacteristic and big jump in error at the very first or first few iterations
and then shows similar convergence as we expect. CG in this case diverged again, but had an exponential blow
up in error at the end of the maximum number of iterations (1000 in this case) allowed. The error ratio also
showed a relatively constant behavior around 1.1. SD also outperformed RF in number of iterations by very
little, but RF outperformed SD in terms of both accuracy and total work by relatively significant amounts. This
again supports the converse result for this particular hypothesis. The larger-valued experiments show even more
curious results. For another one of these experiments were CG does appear to converge, we get the following
results:

Figure 14: Problem Characteristics

Figure 15: Results Table
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Figure 16: Error and Residual Convergence
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Figure 17: Damping Factors
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Note the much larger condition number for the system (about twice of the first two of such experiments). Here,
CG shows similar a similar error profile to SD, but rather than converging very quickly, or diverging, it instead
converges at about the rate of RF and SD. CG however, is still more accurate but takes almost twice the work.
RF continues to outperform SD (except in number of iterations, though it is close). The damping for CG showed
a similar periodic/oscillating structure, but this time it was bounded by 1, resulting in convergence. However,
the damping vastly exceeded the theoretical bound it should have attained, in fact never once going below or
close to the bound. There does seem to be lower and upper bounds for the damping factor in both experiments
(divergent and convergent). We generate one more experiment for completeness:

Figure 18: Problem Characteristics

Figure 19: Results Table
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Figure 20: Error and Residual Convergence
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Figure 21: Damping Factors
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Important Conclusion 1:
By running more experiments, we can conclude that typically for such large-valued random experiments, CG
diverges, even when the condition number is smaller. One explanation for this is the higher amount of ill-
conditioned operations that CG must perform. These are numerically very sensitive, and can cause perturbation
of the system. The conjugate gradient method can theoretically be viewed as a direct method, as in the absence
of round-off error it produces the exact solution after a finite number of iterations, which is not larger than
the size of the matrix. In practice, the exact solution is never obtained since the conjugate gradient method is
unstable with respect to even small perturbations, e.g., most directions are not in practice conjugate, due to a
degenerative nature of generating the Krylov subspaces. Also note that larger values results in a larger value
of initial error as well, as we can see in the upcoming control experiment.

We now restrict ourselves to larger-sized systems, i.e. problems with larger dimension. Using this ap-
proach, we can slowly build towards simulating complicated problems from practical applications. We first run
experiments where the dimension is large (e.g. 100) but the values are relatively smaller still (in [−10, 10]). Note
this has the effect of controlling the largest possible condition number too, i.e for this experiment κ(A) ≤ 10.
Also note the smaller value of initial error in this experiment. These experiments can now serve as a control for
our results in the previous experiment:

Figure 22: Problem Characteristics

Figure 23: Results Table
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Figure 24: Error and Residual Convergence
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Figure 25: Damping Factors
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Important Conclusion 2:
We again observe a more typical situation, where CG converges in at most n = 100 steps. In fact, it converges
much quicker (10 steps in this case). By virtue of this, it takes order’s of magnitude less total work than RF
and SD. It also accurate up to twice as many decimal places. RF again outperforms SD except with iteration
number. A larger sample of such experiments with these conditions will allow us to conclude that Richardson is
typically better than Steepest descent and less prone to finite-precision errors. CG outperforms both methods
vastly, but is very sensitive to and unreliable under numerical perturbation.

When SD does converge, we see another idiosyncratic behavior in terms of error damping i.e. that it tends to
go down with iterations. This is consistent with theoretical results regards to convergence in CG: the damping
factor actually goes down with k, where k is the number of iterations. This is also a reason for it’s faster con-
vergence. This fact can be probed more exactly, but is beyond the scope of this assignment. We only provide
our observations as evidence to this fact. Note also the convergence behavior of these algorithms are asymptotic
in general, which is why for CG for example the error damping starts above the theoretical bound and then
decreases rapidly below the theoretical bound, and in fact keeps going down as predicted.

Let’s see another such example where we make this even more apparent.

Figure 26: Problem Characteristics

Figure 27: Results Table
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Figure 28: Error and Residual Convergence
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Figure 29: Damping Factors
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The same observations can be made for this run. We can now also start to hypothesize that the number of
iterations of all three algorithms correlates to the condition number of the system. In this case, because we end
up choosing eigenvalues randomly, we can directly force certain ranges for the eigenvalues. Let us now choose
bigger values for the spectrum but force them to be in a smaller range. For this experiment I chose to set
dimension to 500 and force the values to be 250 and 260 (therefore forcing a small condition number).

Figure 30: Problem Characteristics

Figure 31: Results Table
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Figure 32: Error and Residual Convergence
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Figure 33: Damping Factors
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Important Conclusion 3:
CG diverged for this experiment too. This is very strong evidence for Conclusion 1 - that it is numerical degen-
eration of Krylov space computations that is leading to this sensitivity of CG. RF and SD converge remarkably
fast for this problem, providing strong evidence that it is indeed the condition number that determines perfor-
mance. We are also ready to conclude that RF generally outperforms SD. The residual and error plots are less
meaningful due to the small amount of iterations, but it is interesting to note that they still follow the same
trends in a more discrete way. This confirms the theoretical results even more.

By repeated experimenting, we can find that after a certain threshold of numerical complexity, CG behaves
abnormally as we saw for the larger-valued system experiments. It is therefore less reliable than the other
methods. Keep in mind that for these experiments, I am choosing a random initial guess vector and a random b
vector by choosing a random solution vector x∗ (as can be seen from the initial error values in the tables). For
the last experiment, I will consider a very large system with a very large condition number (spectral radius).
This will help us finalize our hypotheses more generally, and also prove convergence criterion. The experiments
are as follows:

Figure 34: Problem Characteristics

Figure 35: Results Table
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Figure 36: Error and Residual Convergence
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Figure 37: Damping Factors
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In this particular experiment, due to randomization, we also had a large error for our initial guess. Smoother
convergence is observed for RF and SD. The initial shock in the error curve of the SD hides the overall conver-
gence rate, but with more a more careful look at the error plot (e.g. by slicing the shock out) we can observe
that is looks identical to RF. CG diverges in this case, which we expect for such large values. It is also clear
that it will be useful in this case to allow more iterations to happen. We get the expected results:

Figure 38: Problem Characteristics

Figure 39: Results Table
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Figure 40: Error and Residual Convergence

33



Figure 41: Damping Factors
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Thus we can also conclude that the maximum iterations have to be increased for the same tolerance level if
we want convergence to the same level of accuracy. This can be probed further, but all of these properties are
common to iterative algorithms of this kind in general, thus not particularly important to our experiments. We
can assume the expected behavior for tolerance and iterations.

Now that we have done initial testing and seen how these algorithms behave, we can conduct larger exper-
iments and present statistical evidence for our hypotheses. We will also conduct structured experiments for the
spectrum of the matrices using the examples provided in the assignment.

Spectral Analysis

We have demonstrated that the dimension of the problem has a very minor effect in analysis of convergence.
Thus we can run our experiments for a fairly large dimension value, and appeal to the heuristic that for smaller
dimension that results will tend to agree with prediction to a higher degree (for our eigen-basis, this is even
more true due to the induced simplicity). Also note that the analysis with varying the spectra of the system is
equivalent in our case to changing the size of the values of the system in the eigen-basis. Then for this section, we
will set dimension = 100, MAXITER = 1000, and tol = 1−08 = 10−9. Since this will more or less accommodate
the extremes of our generated problems. We have already seen the effect of changing the spectrum (i.e. the
values) on our algorithms. In these section, we will impose extra structure on the spectrum and evaluate the
algorithms similarly for these set of problems.

• all n eigenvalues the same;

• k distinct eigenvalues with the multiplicities of each chosen deterministically or randomly;

• k distinct eigenvalues that are used as the mean of a normally distributed selection of a “cloud” of
eigenvalues around each distinct eigenvalue (the number in each must also be chosen as the multiplicities
in the previous item);

• from a uniform distribution between parameters the two extreme eigenvalues included in the problem,
λmin and λmax, that you choose in order to set κ;

• from a normal distribution between parameters the two extreme eigenvalues included in the problem, λmin

and λmax, that you choose in order to set κ with a selected mean and variance.

For each one, we first look at a representative example (to be able to see plots) so we can see what results we
can expect from the larger set of parameterized problems for many initial guesses.

The first problem we can check immediately using the randomizer by fixing min and max in the random
function for A to be the same constant value. This will set each eigenvalue to this constant. We expect imme-
diate convergence in this case since the error at the first iteration is forced to be 0 by error theorem in the first
section. Indeed, this is what we observe:

Figure 42: Problem Characteristics
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Figure 43: Results Table

Figure 44: Error and Residual Convergence
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Figure 45: Damping Factors
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We used a smaller eigenvalue constant in this case (20). Setting larger values for this, combined with larger
initial guess causes more iterations for RF and SD sometimes, but only as far as 2, or 3 for very numerically
unstable problems. In these cases, CG is also at risk of diverging by the previous discussion.

For the second problem, we can write a python function that returns such a vector with the required pa-
rameters. We can set the range of possible eigenvalues, and how many distinct eigenvalues we require (this is
also randomized, but can be made deterministic). The multiplicities are chosen randomly. We will present 3 of
these experiments with plots, but the blocks of code for these tests can be run individually in the python file
with any specifications. The first example has the following randomly generated specifications:

Figure 46: Eigen spectrum

Figure 47: Problem Characteristics

38



Figure 48: Results Table

Figure 49: Error and Residual Convergence
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Figure 50: Damping Factors
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We can first notice that the extra structure causes our algorithms to behave as expected. CG in particular
performs very well, and much faster. We can run a series of these experiments for more insight:

Figure 51: Eigen spectrum

Figure 52: Problem Characteristics
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Figure 53: Results Table

Figure 54: Error and Residual Convergence
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Figure 55: Damping Factors
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Under numerically stable conditions, we get very similar results for each problem in this set! However, the the
larger the range of eigenvalues produced with varying degrees of multiplicities, the slower RF and SD become.
However, the more concentrated the system, the more this effect is damped. This is consistent with our predic-
tions, since the concentrations of the eigenvalues (the spread) controls the condition number.

For problems 3 and 5, we in fact get very similar results as above, but the performance of the algorithms is
related to the range of the eigenvalues and also the maximum ratio of the means of the normal distributions
used for the ’clouds’ (for 3) and related to the spread of the normal distribution for problem 5. Regardless, we
make separate blocks for these experiments in the Jupyter notebook, which can be run manually to conduct
more experiments. For example, for Problem 3, we have the following block:

Figure 56: Problem Set 3: Normal Clouds

We can display results for one such experiment for number 3. For each cloud, we set a the variance to be 0.5:

Figure 57: Eigen spectrum
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Figure 58: Problem Characteristics

Figure 59: Results Table
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Figure 60: Error and Residual Convergence

46



Figure 61: Damping Factors
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Again, the most important observation is that CG performs extremely efficiently on the normally structured
problems in particular. There is also less of a difference between RF and SD for these problems, but RF is
still more efficient. We do not need to show results for the fourth problem since this is exactly how the
original problem generator was designed (i.e. as a uniformly generated random positive vector). We tested this
extensively in the first part of the experimental design.

Now that we have collected preliminary evidence and visualization for our hypothesis, we can run complete
experiments.

Large Parameterized Experiments

In this section we run a larger set of experiments and test many of our hypothesis directly. There are five main
results that we will try to demonstrate in the experiments.

• Convergence reliability of each algorithm

• Speed of each algorithm with different initial guesses

• Efficiency of each algorithm with different initial guesses

• Speed of each algorithm with varying spectra

• Efficiency of each algorithm with varying spectra

For the design, I fix the dimension, tolerance and maximum allowed iterations uniformly. I use counts of
convergence as a test for convergence reliability and I use number of iterations as a proxy for speed, total work
done as a proxy for efficiency, and the condition number as representing a particular spectrum. Please consult
the script file for complete details of the design and implementation. We run these experiments (50 at first, and
then an increasing number) and present the results:

Figure 62: Convergence Reliability

RF and SD converged in every single case for the first run of experiments, and CG only converged for about
half the values. Clearly, CG is much less reliable than both RF and SD. This becomes even more apparent in
the subsequent result:
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Figure 63: Speed against Spectra

Figure 64: Total Work against Spectra

49



These are extremely insightful plots for the speed and total work of each algorithm. Generally, the speed tends
to slow down (higher number of iterations) for a higher condition number. RF was almost always faster than SD,
but they followed a closer pattern, and the difference was not as significant. CG tends to becomes numerically
unstable for values of condition number larger than 40. Below 40, it is much faster than both RF and SD, but
it becomes unstable very quickly and subsequently starts diverging for values of κ ≥ 50. This is consistent with
results we observed manually. For certain values the algorithms become uncharacteristically faster (and CG
even converges). I suspect that this is due to numerical pitfalls (and perhaps luck). The total work done also
follows a similar pattern, except that RF usually takes less work than SD, so it is more efficient. This is also
what we observed before!

The initial error was less consequential to each algorithm:

Figure 65: Speed against Initial Guess

We are only able to establish the same hierarchy of algorithms as before since this presents even more evidence
of the order of speed and efficiency. We can also observe CG to be very sensitive to perturbations in initial
guesses.
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Figure 66: Total Work against Initial Guess

If we increase the number of experiments to a 100, similar plots are observed again:

Figure 67: Convergence Reliability
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Figure 68: Speed against Spectra

Figure 69: Total Work against Spectra
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Figure 70: Speed against Initial Guess
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Figure 71: Total Work against Initial Guess

Using the same driver, more experiments may be run by varying different values for different types of plots.
Overall, the same conclusions as above can be deduced from different experiments.

Task 2 and 3

For this task we now look at 3 particular stationary methods in the Richardson Family of Methods. These are

• Jacobi

• Gauss-Seidel

• Symmetric Gauss-Seidel

Each of these differ in the pre-conditioner that they use for the update step for xk (See Appendix). For these
methods, we cannot work in the eigen-basis; thus we have to generalize our implementation to matrices. The
two functionalities that we will additionally need are matrix-vector products and lower and upper triangular
solves. The experimental design, control flow and presentation will be similar that of Task 1. We implement a
single function that takes the same inputs as before and in addition a flag indicating which pre-conditioner to use
(hence, which method is employed). For this task, the dense solves and matrix-vector products are implemented.

We also have different convergence results for these stationary methods, given by the following theorem:
Theorem
Suppose A ∈ Rn×n is symmetric positive definite and the preconditioner P is used.
If (P + PT )−A is symmetric positive definite, then P−1 exists and the iterative method

xk+1 = xk + P−1rk

has

• ρ(G) ≤ ∥G∥A < 1 (convergent)

• ∥e(k+1)∥A < ∥e(k)∥A (monotonic)

where G is the contractive form of the iterative matrices.

We restrict our analysis to the 8 matrices provided in the assignment, as representatives of certain types of
problems. For each matrix, we will then have to compute G for error analysis. The matrices are as follows:
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A0 =


3 7 −1

7 4 1

−1 1 2



A1 =


3 0 4

7 4 2

−1 −1 2



A2 =


−3 3 −6

−4 7 −8

5 7 −9



A3 =


4 1 1

2 −9 0

0 −8 −6



A4 =


7 6 9

4 5 −4

−7 −3 8



A5 =


6 −2 0

−1 2 −1

0 − 6
5 1



A6 =


5 −1 0

−1 2 −1

0 − 3
2 1



A7 =



4 −1 0 0 0 0 0

−1 4 −1 0 0 0 0

0 −1 4 −1 0 0 0

0 0 −1 4 −1 0 0

0 0 0 −1 4 −1 0

0 0 0 0 −1 4 −1

0 0 0 0 0 −1 4


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A8 =



2 −1 0 0 0 0 0

−1 2 −1 0 0 0 0

0 −1 2 −1 0 0 0

0 0 −1 2 −1 0 0

0 0 0 −1 2 −1 0

0 0 0 0 −1 2 −1

0 0 0 0 0 −1 2


We first conduct manual experiments on each of the matrices to formulate hypotheses and observe behavior
through plots. For further insight, note that our theorem ensures convergence for SPD matrices given that the
contractive form has spectral radius < 1. These algorithms also converge for systems that are not SPD. This
can only be observed numerically in our problem. We then check which matrices are indeed SPD:

Matrix Eigenvalues SPD

A0 [10.52,−3.86, 2.34] No
A1 [(4.16 + 3j), (4.16− 3j), (0.68 + 0j)] No
A2 [(−3.87 + 6.88j), (−3.87− 6.88j), (2.75 + 0j)] No
A3 [4.03,−9.49,−5.54] No
A4 [(7.97 + 5.45j), (7.97− 5.45j), (4.07 + 0j)] No
A5 [6.47, 2.34, 0.18] Yes
A6 [5.33, 2.56, 0.11] Yes
A7 [2.15, 2.59, 3.23, 4.0, 5.85, 5.41, 4.77] Yes
A8 [3.85, 3.41, 2.77, 2.0, 0.15, 0.59, 1.23] Yes

Now we conduct experiments for each matrix (with the solution vector of all 1’s and x0 = 0) and present the
results.
0.

Figure 72: Iterative Matrices
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Figure 73: Results Table

Figure 74: Error and Residual
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1.

Figure 75: Iterative Matrices

Figure 76: Results Table
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Figure 77: Error and Residual

2.
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Figure 78: Iterative Matrices

Figure 79: Results Table
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Figure 80: Error and Residual
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3.

Figure 81: Iterative Matrices

Figure 82: Results Table
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Figure 83: Error and Residual

4.
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Figure 84: Iterative Matrices

Figure 85: Results Table
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Figure 86: Error and Residual
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For the rest of the matrices, we get convergence. For the larger set of experiments, we get the same results for
the divergent matrices. For some of the experiments, Jacobi seems to get stuck immediately. There’s also much
more numerical sensitivity for these matrices due to the solves. The code for the last few problems had to be
modulated to ensure that there were no runtime errors. For the experiments we observe the same qualitative
effects.
We use the same function as before and use the scipy sparse library for added functionality. The implementation
of the sparse methods requires us to change matmul to sparse matrix-vector products and also re-implement
sparse upper and lower solves. Since the diagonal elements are assumed to be dense and positive, these methods
remain unchanged. We can make the following conclusions about large sparse matrices:

• The jacobi preconditioning step remains unchanged for sparse systems.

• Each successive method is faster in terms of number of iterations i.e GS is faster than Jacobi and Symmetric
GS is faster than GS.

• The complexity of each algorithm also increased.

• In terms of numerical reliability, the algorithms usually converge and have very similar convergence profiles
(in most experiments, all of them converge).

Another observations we made from the experiments is that the diagonal elements control the speed of the
the algorithms for each method. For sparsity, the higher the sparsity, the less total work is done with each
algorithm.

Conclusions

We have then conducted thorough investigation of all of our hypotheses and presented evidence for each obser-
vation and result that we observed. We were able to substantiate all of our theoretical results and prediction,
and explain whatever deviation we did observe in terms of finite-precision or other numerical errors. or practical
considerations. We presented numerical evidence as visual plots, important metrics and statistical evidence.
Each individual problem was handled separately in implementation, and the results were consolidated for this
report.

Appendix

Keep in mind that RF is presented in a completely general form and the form of the preconditioner matrix P
can be changed to produce the following four algorithms in the Richardson’s Family of Methods:

1. Without Preconditioning: P = I

2. Jacobi: P = D

3. Gauss Seidel: P = (D − L)

4. Symmetric Gauss Seidel (Forward and Backward): P = (D − L)D−1(D − U)

Algorithm 1 Richardson’s Method (RF)

1: A is symmetric positive definite
2: Choose x0 arbitrarily
3: Compute r0 = b−Ax0

4: Set α to ensure convergence
5: while not converged do
6: Solve Pzk = rk
7: xk+1 ← xk + zkα
8: rk+1 ← rk −Arkα
9: end while
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Algorithm 2 Steepest Descent (SD) Method

1: A is symmetric positive definite
2: Choose x0 arbitrarily
3: Compute r0 = b−Ax0, v0 = Ar0
4: while not converged do

5: αk ← rTk rk
rTk vk

6: xk+1 ← xk + rkαk

7: rk+1 ← rk − vkαk

8: vk+1 ← Ark+1

9: end while

Algorithm 3 Conjugate Gradient (CG) Method

1: x0 arbitrary; r0 = b−Ax0; d0 = r0; σ0 = rT0 r0
2: for k = 0, 1, . . . do
3: vk ← Adk
4: µk ← dTk vk
5: αk ← σk/µk

6: xk+1 ← xk + αkdk
7: rk+1 ← rk − αkvk
8: σk+1 ← rTk+1rk+1

9: βk ← σk+1/σk

10: dk+1 ← rk+1 + βkdk
11: end for
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